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Hyperbolic Inflation 



O 

(N 

4=> 
PL. 

in 



43 

Oh' 
i ' 

D 
43 



(N 
> 

O 

d 
o 



X 



Yoonbai Kim 1 * and Seong Chan Park 2 ^ 
1 Department of Physics, BK21 Physics Research Division, and Institute of Basic Science, 
Sungkyunkwan University, Suwon 440-746, Korea 
2 Institute for the Physics and Mathematics of the Universe, 
The University of Tokyo, Chiba 277 — 8568, Japan 

We propose a natural scenario for the cosmological inflation with the non-minimal coupling term 
invoking compact hyperbolic extra dimensions. Thanks to the unique mathematical properties of 
compact hyperbolic space, the large volume of extra dimensions, which provides a natural under- 
standing of the proper size of couplings, does not necessarily accompany with the low Kaluza-Klein 
scale so that the model allows a single field inflation with a scale around 10 13 GeV. The model 
fulfills all the observed data and predicts a sizable gravitational perturbation, r~3x 10 -3 . 



I. INTRODUCTION 

A compelling idea is the presence of the inflationary era 
in the early universe [1]. Inflation solves several cosmo- 
logical problems and its generic predictions are consistent 
with various observations [2]. Recently inflation models 
based on the non-minimal (NM) coupling term, the direct 
coupling term between a scalar field and the Ricci scalar, 
4> 2 R, have drawn a sizable attention among physicists 
and cosmologists [3] as the standard model Higgs field 
is claimed to play the role of inflation without invoking 
additional field contents [4]. 

Indeed the underlying mechanism of the NM inflation 
is shown that the slow-roll potential for the proper infla- 
tionary era is quite generically obtainable provided that 
the ratio between the potential in Jordan frame and the 
NM coupling term, V(4>)/K 2 ((f)), is asymptotically con- 
stant [5] where V(K) is the potential (NM coupling term) 
in Jordan frame, respectively. One should note that the 
appearance of the NM coupling term is allowed in su- 
pcrgravity theories taking generic Kahler potential into 
account [6]. Also the quadratic NM term ~ cf> 2 R is of the 
same order of the leading Einstein-Hilbcrt action so that 
one should consider the NM term in the effective field 
theory point of view [7] . 

Even though the class of models with the NM term pro- 
vides successful inflation, a fine-tuning problem, however, 
appears in fitting the observed temperature fluctuation 
in Cosmic Microwave Background Radiation (CMBR), 
AT/T ~ 10~ 5 quite generically [5]. For instance, when 
V = A</> 4 and K = £<fr 2 , the ratio between the cou- 
pling constants A/£ 2 is required to be extremely small 
as the value is determined by the precisely measured 
value of primordial density perturbation by WMAP [8] , 
1 °S ~ ( L91 x io-5)2 : 



A 2 - 



4.4 x 10 



-id 



(1) 



Since the smallness is not a consequence of a symme- 
try of the model, we would regard the appearance as a 
fine-tuning problem in the 't Hooft sense [9]. The main 
purpose of the current paper is to address this fine-tuning 
problem by extending the model to the higher dimensions 
with compact hyperbolic space (CHS) as extra dimen- 
sions. 



For a quite long time, mathematicians [10] have no- 
ticed that CHS has a unique property, dubbed, rigid- 
ity after G. Mostow [11] and the mass gap on CHS is 
conjectured to be greater than 1/2 in the unit of the 
curvature scale after A. Selberg [12-14]. Relatively re- 
cently in physics there have been works focused on phe- 
nomenoloy with a rather low KK scale (~ TeV) [15-18] 
and a compactification scheme in string theory [19-21]. 
Also there have been works considering CHS in the con- 
text of cosmology [15], in particular, inflation by embed- 
ding the chaotic inflation model into higher dimensions 
with CHS without considering NM term [22]. The at- 
tempt in Rcf. [22], however, still requires further fine- 
tuning as the simple model with A^ 4 potential does not 
fit the recent WMAP data in (n s — r) plane within 2a 
confidence level . In this regard, one may consider the 
model in current paper as a successful refinement of the 
model. 



The rest of this paper is organized as follows. In section 
II we review the unique mathematical properties of CHS 
which allows us to consider a big volume without a low 
mass gap. In section III we recapitulate the inflationary 
models with NM coupling in (1 + 3) dimensions and show 
the fine-tuning problem in detail. In section IV, finally, 
we extend the model in higher dimensions with CHS and 
show how the fine-tuning problem is solved. We conclude 
in section V with some comments on consistency of the 
proposed model. 



1 Indeed a phcnomcnologically modified potential V = 
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II. COMPACT HYPERBOLIC SPACE 

Hyperbolic space in d dimensions, H d (d > 2), is vi- 
sualized as a hyperboloid embedded in 1 + d dimensions, 
keeping SO(d, 1) symmetry manifest, 

-xl+x\+xl + ---+x 2 d = -£ 2 , (2) 

where £ represents the length scale from the negative cur- 
vature R 



R = - 



d(d-l) 
J 2 ' 



(3) 



Its source can be a negative cosmological constant A for 
d > 3, 



A 



(d- l)(d- 2) 
2£ 2 ' 



(4) 



In terms of a radial variable x (\x\ > £) an< 4 d—1 angular 
variables 9 a , the induced metric can be expressed by 

ds d =£ 2 (d X 2 + smh 2 X dn 2 d _ 1 ), (5) 



d-l /a-1 



dsi 2 _ 1= j2 ri si 



sin 2 9 b d6 a 



(6) 



Though we have two mass scales in this CHS, l/£ from 
the constant curvature and l/(VoLi)^ ~ jl from the 
volume, the first eigenmode of Laplace-Beltrami opera- 
tor is mainly decided by l/£. The bound of the first 
eigenmode is conjectured to be [12] 



ki£ > 1/2, 



(10) 



o=l \b=l 



and the number theory approach proved up to k\£ > 
^171/784 ps 0.22 [13]. (See [14] for the higher KK exci- 
tations.) 

If we consider 2-dimensional CHS with a large genus g 
or higher-dimensional {d > 3) CHS, we can construct ex- 
tra dimensions with a large volume but an undetectably 
large KK mass gap. 

For instance, a model with 2-dimensional extra dimen- 
sions of 1 fm scale thickness and 1 TeV KK mass gap 
requires g = O(10 6 ) for d = 2 and a/d = O(10) for 
d > 3. On the other hand, with 1/t ~ 10 13 GcV and 
a ~ 23, we get a sufficiently large volume for a natural 
scenario for inflation with NM coupling, which we shall 
show later on. 



III. INFLATION WITH NON-MINIMAL 
COUPLING 



A CHS, H d /T, is constructed from T-L d by acting freely 
the fundamental group T, a discrete subgroup of SO(d, 1). 
In case of d = 2, a tessellation of the hyperbolic space 
% 2 by the tiles of identical regular 2(<? + 2)-gon leads to a 
string of doughnuts of genus g without boundary. Substi- 
tuting the curvature (3) into the Gauss-Bonnet theorem, 
we compute the area A of the obtained orientablc CHS, 



A = 4tt(. 9 - l)l 2 



(.9 > 2). 



(7) 



For a fixed length scale £, the large area can be achieved 
by the large number of genii g. When d > 3 [10], CHS's 
are rigid [11] that all the metrical quantities are deter- 
mined by the topology and the scale £, including their 
volume, 



Vo\(n d /T) = e a £ d , 



(8) 



where a is a topological number fixed by the fundamen- 
tal group, r, of the CHS. Suppose that we have a d- 
dimensional CHS of its maximum distance 2L. Then its 
volume is smaller than a disk D having a radius 2L out 
of the hyperbolic space, 

Vol(-H d /r) < V(D) = e aD l d = Q d I d (L/£)£ d , (9) 

where £1^ = n d / 2 /T(d/2+l) is the volume of d-sphere and 
Id(x) = Jq dy sinh d_1 y. For a sufficiently large volume of 

L/£^> l,a D f« (d-l)f+logfVC*whereC = 2,2 3 ,6,--- 
for d = 2, 3, 4, • ■ ■ , respectively. When d > 3, the rigidity 
theorem tells us that L/£ cannot be chosen arbitrarily 
but determined by the fundamental group of CHS, T. 



In this section we briefly recapitulate slow-roll inflation 
with NM coupling in (1 + 3) dimensions and point out the 
naturalness problem in fitting the CMB data. In Jordan 
frame, the action is given as follows: 



M 2 + K{cj>) 



i?j-i(d0) 2 -y(0) 



(ii) 



where M is a mass scale for gravity, i?j is the Ricci scalar 
in the Jordan frame, K(cf>) is a generic function of cf>, and 
V(<fi) is the scalar potential. 

One can always find a function 0(0), 



-2n 



M 2 , 



M 2 + K{<j>) ' 
so that the Weyl transformation, 



(12) 



(13) 



leads to Einstein frame. The gravity is canonically nor- 
malized as 



S E = d xyt-gv 



M 2 



, (14) 



where the scalar field <f> in the Einstein frame is chosen 
to make its kinetic term canonical by 



(15) 




2M 2 l 
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Subsequently the scalar potential is now read as 



M 2 + K{(j}{4>)) 



(16) 



When M ~ M P i, Ue{4>) ~ V(<j)(4>)) at the small field 
limit, lim^^o K <^ M 2 . 

Suppose K and V satisfy the asymptotic relation, 
Mm^ooiV/K 2 ) ->• C > [3, 5]. Then the poten- 
tial (16) involves a flat plateau at the large field limit, 

U E M^V/K 2 « M^C, which can be responsible 

for the slow-roll inflation, and thus <j) can be identified as 
an inflaton field [5]. 

With K = £c ff 2 and V = A cf f</> 4 [4], the inflaton 
potential in Einstein frame is explicitly read as 



U E 



XeSMj 

2m(Ccff) 2 



M 2 



Ki(<t>) 



(17) 



IV. INFLATION WITH NON-MINIMAL 
COUPLING IN HIGHER D WITH COMPACT 
HYPERBOLIC EXTRA DIMENSIONS 

Let us consider a model with d-dimensional compact 
hyperbolic extra dimensions. The model in D = 4 + d 
dimensions is described by the action 



S 



d 4 xl d d y 

H d /T 



M 2 + d 



Rd - Ud<j>i 



Vd , 
(23) 



where Md is a scale for D-dimensional gravity and Kd 
and Vd are (polynormial) functions of 4>d satisfying 
Vd/K d -^Cata large field limit. 



If we assume a factorizable geometry, 



ds\ 



(24) 



it is straightforward to get the Ricci scalar, 



where </> is related to the canonically normalized field, (f>, 



Rd — Ra + Rn d /r ■ 



(25) 



Ma 



: exp 



v/6 + l/^ ffM 4 



(18) 



From the observation of primordial density perturba- 
tion by WMAP [8], 



H 75ttM| U e 



we get the ratio A e ff/(£ e ff) 2 [5 
A c ff 



Ue ~ (1.91 x 10" 5 ) 



5\2 



(Ceff) 5 



(2.i x io- b y 



(19) 



(20) 



We regard the appearance of this small number as an 
unnatural fine-tuning. In the next section, we address 
this fine-tuning problem by introducing CHS. 

Other cosmological observables, spectral index of 
scalar perturbation and tensor perturbation, are calcu- 
lated in terms of the number of e-foldings and a useful 
coefficient 



1 



66 



1 — —— — 



eff 



9a 



N 2N 2 
r«^« 0.003, 



0.965. 



(21) 
(22) 



which arc completely consistent with the current WMAP 
7year data [8] . 



As the curvature of the hyperbolic space is negative, the 
second term in (25) can have contribution to the cosmo- 
logical constant, probably negatively, in 4 dimensions. 
Here the cosmological constant in the dimensionally re- 
duced effective theory is assumed to be zero at the min- 
imum of the scalar potential, which is measured to be 
extremely tiny in the present universe. In this paper, we 
will not deal with the cosmological constant problem but 
will focus on the slow-roll inflation at the large field limit. 

Integrating over the extra dimensions of the volume V<j 
the 4-dimcnsional effective action becomes 



S 4 



Mf 



K 4 



R i 



Udcbf-VM 



(26) 



where = V^kPd, = Mi = M D +a Y d , and K A = 
KdY<i- This action recovers Eq. (11). Here the possible 
contribution from KK states could be neglected once the 
scale from the curvature of CHS is greater than the scale 
of our interest, the inflation scale, as we have discussed 
in Eq. (10). 

Without loss of much generality 2 , let us consider 
an explicit case: Kd{4>d) = £,d4>d an d Vd{<Pd) = 
Xd<I>d ■ I n general, the slow-roll inflation is achieved when 
Vn/Kp — > constant, as discussed previously [5]. In D 



dimensions, [K D ] = D - 2, [V D ] = D, and [(j> D } = ^=2. 
Hence, regardless of D, the NM coupling is always di- 
mensionless, [£d] = 0, but the quartic self-coupling is 
dimensionful except D = 4 as [Xd] = — (D — 4). Here 
we introduce dimcnsionlcss couplings £o ~ 1 and Aq ~ 1 



2 The conclusion remains the same as p 
more general polynomial terms as Kjj ^ 



2 even when we take 



and Vi 



D 



i> 2 p with 



4 



which count the strength of the coupling in the funda- 
mental unit: 



Ac 



M 



D-4 ■ 



(27) 



Together with £ e g = £, the effective quartic coupling is 
obtained in terms of A as 



A e ff = 



An 



Ao 
V d 



(28) 



When the scale of D-dimensional gravity is the same as 
the curvature scale of CHS, Mp l/l, Vd becomes a di- 
mensionless measure of the volume of extra dimensions, 
V d = Vo\{H d /r)/e d . An immediate result is 



Aeff 



1 



Ao 



(£cff) 2 v d e 



< 1 



(29) 



provided that the CHS has a large volume, Vrf ^> 1. This 
is naturally understood as the 0(10) topological number 
appears in the exponent which determines the volume of 
CHS as in Eq. (9). 

For Vd ~ 10 10 , the scales in D-dimcnsions are Md ~ 
10 13 GeV, £ D ~ 1 and A^ - lCT 13 /GeV. For the mass 
term of the bulk scalar field, there will be additional 
contribution from the —KdRd/I term so that we get 

l/£ 2 which is of the same scale 



'off 



m 2 + 



d(d-l)tjn 



of the KK mass gap. 



V. SUMMARY AND DISCUSSION 

A non-minimally coupled scalar field has a potential 
which has a flat plateau in Einstein frame when the ratio 
of the square of the NM coupling term and the poten- 
tial energy is asymptotically constant V (<fi) / K 2 ((ft) —> C. 
For this scalar field being an inflaton field fitting CMB 
data a fine-tuning is required as given in Eq. (20). In 
the theory with a single scale, 10 13 GeV, and NM cou- 
pling, we show that the large volume of CHS, which is 
controlled by a topological number of the order of a few 
tens, can provide a plausible resolution of the fine-tuning 
problem without accompanying a light KK state. In the 
high scale inflation, reheating takes place at high energy 
so that the late time cosmology is seamlessly consistent 
with the current model. Again, the situation in the cur- 
rent paper is very different from the conventional models 
with large extra dimensions [23] where the low mass gap 

(~ l/Vn™ ~ MeV) often spoils the successful slow-roll 
inflation. The prediction of r w 0.3% level gravitational 
wave in CMB might be testable in the future experiments 
such as Planck. 

Last but not least some comments on consistency of 
the current model are in order. 

• Quantum gravity correction: One may worry if the 
energy density of inflaton during the inflation might 
be too high so that it exceeds the critical density 



at which black hole forms. This is not the case as 
is easily checked by Eq. (17). Indeed, the energy 
density is highly suppressed by the large volume 



(30) 



Thus we can safely neglect quantum gravity effects 
here. 

• KK correction: The de-Sitter temperature during 
the inflation is certainly less than the scale of the 
first KK excitation: 



He 

27 



12tt 2 M 4 2 



I A 1 
727r 2 m£ 2 D< £ 



(31) 



which is well below the first KK scale in Eq. (10). 
The validity of the purely four dimensional effective 
description is fully consistent when Vd 3> 1. 

• Higher order correction: The current model re- 
quires the large field behavior V/ K 2 — > C to realize 
the flat potential for slow-rolling. Certainly this 
might bring unwanted difficulties in understand- 
ing effective field theory description since higher 
order terms a n ((j)/M) n with large n may become 
important at <j>/M > 1 where inflation took place 
if the Wilson coefficients of these terms, a n , are 
0(1). This problem is common in large field in- 
flation models such as chaotic inflation model with 
m 2 (j) 2 or A</f> 4 potential. However, currently we do 
not have any evidence for a n = 0(1)- For more 
discussion, see [24]. 

• Astrophysical bounds: If there remains a light KK 
graviton like in Ref. [23], several astrophysical pro- 
cesses including supernova cooling process can be 
significantly affected. With CHS, on the other 
hand, the KK scale is high enough not to have a 
light graviton mode. 
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